A SURGERY FORMULA FOR THE SECOND YAMABE 

INVARIANT 



Abstr act. Let (M, g) be a compact Riemannian manifold of dimension n > 3. 
For a metric g on M, we let X2{g) be the second eigenvalue of the Yamabe 
operator Lg := ^^~^^Ag + Scalg. Then, the second Yamabe invariant is 
defined as 

(T2(M) :=sup inf \2(h)YoUM,hf/" . 

where the supremum is taken over all metrics g and the infimum is taken over 
the metrics in the conformal class [g]. Assume that a2{M) > 0. In the spirit 
of [4], we prove that if N is obtained from M by a fc-dimensional surgery 
{0 < k < n — 3), there exists a positive constant A„ depending only on n such 
that (72{N) > min(tT2(Af), An). We then give some topological conclusions of 
this result. 
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1. Introduction 

Definition of the Yamabe operator Lg, eigenvalues of Lg, smooth Yamabe 
invariant (t(M) 
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Let (M, g) be a compact Ricmannian manifold of dimension n > 3. We denote the 
scalar curvature by Scalg. Let us define 

li{M,g):^mi [ Scalgdwg (Volg(M))"^""^^/" 
g&lg] Jm 

and 

a(Af) :=supAi(M,g) 
g 

where, in the definition of fi{M,g), the infimum runs over all the metrics g' in the 
conformal class [g] of g and where, in the definition of (t(M), the supremum is taken 
over all the Riemannian metrics g on M. The number fi{M,g), also denoted by 
li{g) if no ambiguity, is called the Yamabe constant while cr(M) is called the Yamabe 
invariant. The Yamabe constant played a crucial role in the solution of the Yamabe 
problem solved between 1960 and 1984 by Yamabe, Triidinger, Aubin and Schoen. 
This problem consists in finding a metric g conformal to g such that the scalar 
curvature Scal^ of 5 is constant. For more information, the reader may refer to 
|17[ I13[ [7]. An important geometric meaning of fi{M,g) and a{M) is contained in 
the following well known result: 

Proposition 1.1. Let M be a compact difFerentiable manifold of dimension n > 3. 
Then, 

• if 5 is a Riemannian metric on M, the conformal class [g] of g contains a 
metric of positive scalar curvature if and only if ^{M,g) > 0. 

• Af carries a metric g with positive scalar curvature if and only if a{M) > 0. 

Classifying compact manifolds admitting a positive scalar curvature metric is a hard 
open problem which was studied by many mathematicians. Significant progresses 
were made thanks to surgery techniques. We recall briefly that a surgery on M is 
the procedure of constructing from M a new manifold 

by removing the interior of S'' x S"^''' and gluing it with 5'^+^ x 5'"-'=-! along the 
boundaries. Gromov-Lawson and Schoen- Yau proved in [T^] and [H] the following 

Theorem 1.2. Let M be a compact manifold of dimension n > 3 such that a{M) > 
0. Assume that TV is obtained from M by a surgery of dimension k {0 < k <n — 3). 
Then, cr(iV) > 0. 

Using cobordism techniques, one deduces: 

Corollary 1.3. Every manifold AI of dimension n > 5 simply connected and non- 
spin, carries a metric of positive scalar curvature. 

Later, Kobayashi |T5; and Petean-Yun [18 obtained new surgery formulas for a(M). 
These works were generalized by B. Ammann, M. Dahl and E. Humbert in [3j where 
they proved in particular 

Theorem 1.4. If N is obtained from M by a surgery of dimension < fc < n — 3, 
then 

a{N) > min((T(M),A„), 
where A„ is a positive constant depending only on n. 

As a corollary, they obtained the following 
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Corollary 1.5. Let M be a simply connected compact manifold of dimension 
71 > 5, then one of this assumptions is satisfied 

(1) a{M) — (which implies that M is spin); 

(2) a-(M) > a„, where a„ is a positive constant depending only on n. 
Now, let us define the Yamabe operator or conformal Laplacian 

Lg := aAg + Scalg, 

where a = '^^^^2'^ ^^id where Ag is the Laplace-Beltrami operator. The operator 
Lg is an elliptic differential operator of second order whose spectrum is discrete: 

Spcc(Lg) = {Ai(.9),A2(5),---}, 

where Xi{g) < X2{g) < • • • are the eigenvalues of Lg. The variational characteriza- 
tion of Xi{g) is given by 



\i{g) = inf sup 



V<^Gr,{Hl(M))^<zv\{0} jj^jV^dVg 

where Gri{Hf{M)) stands for the i-th dimensional Grassmannian in Hf{M). One 
important property of the eigenvalues of Lg is that their sign is a conformal invari- 
ant equal to the sign of the Yamabe constant (see [IH])- Consequently, a compact 
manifold M possesses a metric with positive Ai if and only if it admits a positive 
scalar curvature metric. 

Now, if ii{M,g) > 0, it is easy to check that 

^i{M, g) = inf Ai(g)Vol(M, 5)^ , (1) 

where [g] is the conformal class of g and Ai is the first eigenvalue of the Yamabe op- 
erator Lg. Inspired by these definitions, one can define the second Yamabe constant 
and the second Yamabe invariant by 

/X2(M,5) = inf A2(5)Vol(M,g)*, 

and 

(72(M) =sup^2(M,.9). 

g 

The second Yamabe constant ^2{M,g) or ^2(5) if no ambiguity was introduced 
and studied in ]^ when ^{M, g) > 0. This study was enlarged in [TU] where we 
started to investigate the relationships between the sign of the second eigenvalue 
of the Yamabe operator Lg and the existence of nodal solutions of the equation 
LgU = e\u\^~'^u, where e = —1,0,-1-1. The present paper establishes a surgery 
formula for (T2 (M) in the spirit of Theorem 11.41 More precisely, our main result is 
the following 

Theorem 1.6. Let M be a compact manifold of dimension n > 3 such that 
(72 (M) > 0. Assume that N is obtained from M by a surgery of dimension 
< fc < n — 3, then we have 

(T2{N) > min(a2(A/),A„), 
where A„ is a positive constant depending only on n. 
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Note that Bar and Dahl in 8 proved a surgery formula for the spectrum of the 
Yamabe operator with interesting topological consequences. 

The proof of Theorem 11.61 is inspired by the one of Theorem 11.41 but some new 
difficulties arise here. Let us recall the strategy: first, we fix a metric g on M such 
that fj,2{M,g) is close to (T2{M). Then the goal is to construct on a sequence of 
metrics ge such that 

liminf ^2(^^,50) > niin(^2(M, .g), A„) 

6 — ^0 

where A„ > depends only on n (see Theorem 16. ip . Surprisingly, if ^{M,g) — 0, 
we are not able to prove Theorem 16 . 1 1 directlv. So the first step is to show that one 
can assume that fi{M,g) 7^ (see Paragraph l6.1.1|) . Here, we use exactly the same 
metrics than in [4] and use many of their properties established in [4]. The proof 
consists in studying the first and second eigenvalues Xi{u^~^ge) and X2{u^~^ge) 
of L jv-2 where ua is such that 

t^2ige) = X2iu^-'ge)yo\^^-2jM)^/-, 

or in other words, ue is such that the metric u^~'^gg achieves the infimum in the 
definition of ii2{N,gg). Two main difficulties arise in this situation: 

• Contrary to what happened in [1], we could not show that \i{u^~'^gg) and 

^2iu^~'^g9) are bounded. 

• The proof of Theorem 11.41 was consisting in obtaining some good "limit 
equations". The difficulty here is to ensure that 

limXi{u^~'^gg) ^ lim A2(u^"^ge)- 

9 

The way to overcome these difficulties is to proceed in two steps: the first one is 
to show that X2{u^~'^ge) > 0. In a second step, we are able to get the desired 
inequality. 

Let us now come back to Theorem 11.61 Standard cobordism techniques allow to 
deduce the following corollary 

Corollary 1.7. Let M be a compact, spin, connected and simply connected man- 
ifold of dimension n > 5 with n = 0, 1, 2, 4 mod 8. If |a(M)| < 1, then 

0-2 (M) > a„, 

where q;„ is a positive constant depending only on n and a(AI) is the a-genus of 
M (see Section El). 

When M is not spin, the conclusion of the corollary still holds but is a direct ap- 
plication of Corollary 11.51 and the fact that (T2{M) > (t{M). Note that: 

• In dimensions 1, 2 mod 8, a{M) e Z/2Z and hence the condition on the a-genus 
|Q!(-^)| < 1 is always satisfied. We then obtain that on any connected, simply 
connected manifold (not necessarily spin) of dimension n = 1, 2 mod 8 

<J2{M) > an, 

for some a„ > depending only on n. 

• In dimensions mod 8, when M is spin, a(M) — A{M), where A is the A-genus. 
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Hence if M is simply connected (not necessarily spin) connected of dimension n = 
mod 8, |i| < 1 then 

(72 (M) > a„, 

where a„ is a positive constant depending only on n. 

• In dimensions 4 mod 8, when M is spin, we have a{M) = ^A{M). When M 
is spin and A{M) < 2, we get that |a(M)| < 1 and consequently, for any simply 
connected (not necessarily spin) connected M of dimension n > 5, n = 4 mod 8 
with \A\ < 2, we obtain that 

0-2 (M) > an, 

where a„ is a positive constant depending only on n. 

Acknowledgements: I would like to thank Emmanuel Humbert for his en- 
couragements, support and remarks along this work. I am also very grateful to 
Bernd Ammann, Mattias Dahl, Romain Gicquaud and Andreas Hermann for their 
remarks and their suggestions. 

2. Joining manifolds along a submanifold 
2.1. Surgery on manifolds. 

Definition 2.1. A surgery on a n-dimensional manifold M is the procedure of 
constructing a new n-dimensional manifold 

N={M\ f{S'' X 5"-'=)) U (#"^^ X 5"-*=-^)/ ~, 

by cutting out f{S'' x B"-~'^) C M and replacing it by 'b''^^ x S"-~'^~^, where / : 
gk ^ j^n-k ^ ^ jg ^ smooth embedding which preserve; the orientation and ~ means 
that we paste along the boundary. Then, we construct on the topological space A'^ 
a differential structure and an orientation that makes a differentiable manifold such 
that the following inclusions 

M \ 7(5'= X 5"-*=) c A'', 

and 

preserve the orientation. We say that N is obtained from M by a surgery of 

k 

dimension k and we will denote M ^ N. 

Surgery can be considered from another point of view. In fact, it is a special case 
of the connected sum: We paste M and S" along a fc-sphcrc. In this section we 
describe how two manifolds are joined along a common submanifold with trivialized 
normal bundle. Strictly speaking this is a differential topological construction, but 
since we work with Ricmannian manifolds we will make the construction adapted to 
the Riemannian metrics and use distance neighborhoods defined by the metrics etc. 
Let (Ml, 51) and {M2,g2) be complete Riemannian manifolds of dimension n. Let 

be a compact manifold of dimension k, where < fc < n. Let Wi : W x M""*^ 
TMi, i = 1,2, be smooth embeddings. We assume that Wi restricted to x {0} 
maps to the zero section of TMi (which we identify with Mj) and thus gives an 
embedding W — ;> Mi. The image of this embedding is denoted by W/. Further 
we assume that Wi restrict to linear isomorphisms {p} x R"~*^ — >■ N^-(pfi)Wl for 
all p G Wi, where NW^ denotes the normal bundle of W/ defined using gi. We 
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set Wi :— exp^* oiBi. This gives embeddings Wi : W x i3"^'^(i?max) — > Mi for some 
i?max > and i = 1,2. We have Wl — Wi{W x {0}) and we define the disjoint 
union 

(M,g) (MinM2,ffin52), 

and 

w' := wlnw^. 

Let Vi be the function on Ali giving the distance to W^. Then ri o wi{p,x) = 
r20W2{p, x) = |a;| for p e VF, x G i?"~'^(-Rmax)- Let r be the function on Af defined 
by r{x) := ri{x) for x G M^, i = 1, 2. For < e we set Uii^e) := {x £ Mi : ri{x) < e} 
and C/(e) := Ui{e) UU2{e). For < e < 6* we define 

Ne (Ml \ C/i(e)) U (Afz \ C/2(e))/~, 

and 

U^ie) (C/(0)\[/(6))/^ 
where ^ indicates that we identify x G dUi{e) with W2 o uJi^{x) G dU2{e)- Hence 

iv, = {M\u{e))\ju^{e). 

We say that is obtained from Afi, M2 (and u)2) by a connected sum along 
W with parameter e. 

The diffeomorphism type of iV^ is independent of e, hence we will usually write 
N = N^. However, in situations when dropping the index causes ambiguities, we 
will keep the notation N^. For example the function r : M ~> [0,oo) gives a 
continuous function r^^ : [e, 00) whose domain depends on e. It is also going 

to be important to keep track of the subscript e on (6) since crucial estimates 
on solutions of the Yamabe equation will be carried out on this set. 
The surgery operation on a manifold is a special case of taking connected sum 
along a submanifold. Indeed, let Af be a compact manifold of dimension n and 
let Ml = M, A/2 = 5", W = S''. Let wi : x B"-'' M be an embedding 
defining a surgery and let W2 ■ S'' x B^^^ — > 5" be the canonical embedding. Since 
5" \ W2{S^ X B"-~^) is diffeomorphic to B^+^ x S^~^~^ we have in this situation 
that N is obtained from M using surgery on wi, see [121 Section VI, 9]. 

3. The constants A„,fc 

3.1. Definition of Kn,k- In this paragraph, we define some constants Kn,k in the 
same way than in [4]. The only difference is that the functions we considered are 
not necessarily positive. More precisely, let (Af , K) be a Ricmannian manifold of 
dimension n > 3. For i = 1,2 we denote by il*-'^ the set of functions v (not 
necessarily positive) solution of the equation 

LhV = 

where G R . We assume that v satisfies 

• h\\L«(M) < 1, 

• veL°°iM), 
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together with 



For i ~ 1,2, we set 



V 6 L^iM), for i = 1, 

>.iKC4„a '"-8;:5i;'-" -^°--^-^- 



/^W(M,/i):= inf n{v). 

■uen<»)(M,/i) 



If i7'^')(Af, /i) is empty, we set /i'^'-' = cxd. 

Definition 3.1. For n > 3 and < A; < rt — 3, we define 

A|;^. := inf M^')(H^+i X §"-'^-1), 
"^^ ce[-i,i] 

A„,, :=.min(A«,Agi), 



and 
where 



When considering only positive functions v, B. Ammann, M. Dahl and E. Humbert 
proved in j4] that these constants are positive. It is straightforward to see that the 
positivity of v has no role in their proof and hence it remains true that A„_fc > 0. 
They gave also explicit positive lower bounds of these constants and many of their 
techniques still hold in this context but we will not discuss this fact here. For more 
informations, the reader may refer to [2], [3] and [S] . 

4. Limit spaces and limit solutions 

Lemma 4.1. Let M be an n-dimensional manifold, let (gg) be a sequence of 
metrics which converges toward a metric g in on all compact K C M when 
6^0. Assume that vg is a sequence of functions such that ||we||L°=(M) is bounded 
and ||ig(,f0||L°°(M) tends to 0. Then, there exists a smooth function v solution of 
the equation 

LgV = 

such that Vg tends to v in on each compact set K CC V. 

Proof: Let K, K' be compact sets of M such that K' C K , we have 

n — 2 

-gg {didjVg - T'^jdkVg) + -^^——j^Sca\g,Vg ^ fg ^ 0. 

Using Theorem 9.11 in 11 , one easily checks that 

\\vg\\H^.P(K',g) < C{\\LggVg\\LP(K,ge) + ||f 8 || LP(K,ge) )• 

It follows that Vg is bounded in H^'P{K' , g) for all p > I. Using Kondrakov's 
theorem, there exists vk' such that vg tends to vk' in C^{K'). Taking an increasing 
sequence of compact sets Km such that UmKm = M, (vg) converges to Vm on 
C^{Km)j we define v := Vm on Km- Using the diagonal extraction process, we 
deduce that vg tends to v in on any compact set and that v verifies the same 
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Yamabe equation as vg. Since for each compactly supported smooth function (p, 
we have 



/ LggifVedVg^ / LgifVdVg, 

Jm Jm 



and 

we obtain that LgV = in the sense of distributions. Using standard regularity 
theorems, v is smooth. 



5. L^-ESTIMATES ON VFii-BUNDLES 

We suppose that the product P := I xW x is equipped with a metric gws 

of the form 



— ^+2 I c2vj(t) I , „n-k-l 

9ws = at + e ' tit + a 

and we mean by H^S'-bundle this product, where ht is a smooth family of metrics 
on W and depending on t and ip\s& function on /. Let tt : P — ?> / be the projection 
onto the first factor and Ft = 7r~^(f) = {t} xW x S"'~'^~^, and the metric induced 
on Ft is defined by 

Let Ht be the mean curvature of Ft in P, it is given by the following 

k 



Ht = 



-^'it)+e{ht), 



with e{ht) := \trh^{dtht). The derivative of the element of volume of Ft is 

dtdvg^ = -{n- l)HtdVg^. 
Prom the definition of Ht, when t ^ ht'is constant, we obtain that 

k 



Ht = 



— V{t). 



Definition 5.1. We say that the condition {At) is verified if the following assump- 
tions are satisfied: 

1. ) t^ht'is constant, 

2. ) e-^-^C*) mi.^w Scal'^* {x) > -^^a, , . 

3. ) |^'WI<1, 

4. ) Q < -2k^" {t) < \{n - l){n - k - 2Y . 

Similarly, for the condition Bt, we should have another assumptions to verify 

1. ) t !->■ ip{t) is constant, 

2. ) inf^eF, ScaF^^(a;) > iScaF""'"' =\{n-k- l)(n -k-2), {Bt) 

3. ) (J^e{htf + ^dte{ht)>-Un-k-2). 
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Theorem 5.2. Let a, /3 G M such that [a, [3] C /. We suppose also that one of the 
conditions (At) and (Bt) is satisfied. We assume that we have a solution v of the 
equation 

LS^^v = aAs^^i; + Scal^"^w = ^lu^-'^v + d*A{dv) +Xv + edtv - sv (2) 

where s,e € C°°{P), A e End(T*P), and X e r{TP) are perturbation terms 
coming from the difference between G and f;ws ■ We assume that the cndomorphism 
A is symmetric and that X and A are vertical, that is dt(X) — and A{dt) = 0. 
Such that 

,^_2 ^ (n-fc -2)2(n -l) 
(n-2) 

Then there exists Cq > independent of a, /3, and (p, such that if 



< ^ \\ ^ (3) 



PIIl-(p), II^IIl-(p), I|s||l~(P), ||e||L~(P), ||e(/it)lli»(P) < co 

then 
^liere 7 

Remark that we should have /3 — a > 27 to obtain our result and note that this 
theorem gives us an estimate of l|w||^2 ■ 

For the proof of this Theorem, we mimic exactly the proof of Theorem 6.2 in [3]. 
The only difference is that we consider here a nodal solution (and not a positive 
solution) of the equation 

imsy = ^u^-'^v + d*A{dv) +Xv + edtv - sv. 

Other details are exactly the same. 



6. Main Theorem 
Theorem 11.61 is a direct corollary of 

Theorem 6.1. Let {M,g) be a compact Riemannian manifold of dimension n > 3 
such that jU2(M, 5) > and let N be obtained from M by a surgery of dimension 
< fc < n — 3. Then there exists a sequence of metrics gg such that 

liminf /X2(iV,50) > min(^2(M, g), A„), 
where A„ > depends only on n. 

Indeed, to get Theorem 11.61 it suffices to apply Theorem 16.11 with a metric g such 
that /i2(M, is arbitrary closed to a2{M). The conclusion easily follows since 
fi2{N, go) < (72 (Af)- This section is devoted to the proof of Theorem 16. II 



6.1. Construction of the metric gg. 
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6.1.1. Modification of the metric g. For a technical reason, we will need in the proof 
of Theorem 16.11 that fi{g) ^ 0. To get rid of this difficuhy, we need the following 
proposition: 

Proposition 6.2. There exists on M a metric g' arbitrary close to g in such 
that ^(5') ^ 0. 

Indeed, let us assume for a while that Theorem 16. II is true if fj,{g) 7^ and let us 
see that the result remains true ii ii{g) — 0. A first observation is that if g' is close 
enough to g in C^, then as one can check, ^2(<?') is close to /i2(<?). Let us consider a 
metric g' given by Proposition 16. 21 close enough to g so that ^2(9') > ^2(5) — e > 
for an arbitrary small e. From Theorem 16.11 applied to g' , we obtain a sequence of 
metrics gg on N such that 

liminf ^2(A^, ge) > min(^2(M, 5'), A„) > min(/i2(Af, g) - e, A„). 
9 — ^0 

Letting e tend to 0, we obtain Theorem 16. II It remains to prove Proposition [^21 

Proof of Proposition 16. 2t At first, in order to simplify notations, we will 
consider g as a metric on AI 11 S*" and equal to the standard metric g — a" on 
S"". Since fi{g) — 0, we can assume that Scalg — 0, possibly making a conformal 
change of metrics. Let us consider a metric h for which Scal;i is negative and 
constant and whose existence is given in [7] . Consider the analytic family of metrics 
gt :— th + (1 — t)g. Since the first eigenvalue At of Lg^ is simple, the function < — s- At 
is analytic (see for instance Theorem Vll.3.9 in [H]). Since Aq = and Ai < 0, it 
follows that for t arbitrary close to 0, At ^ 0. Proposition 16.21 follows since ii{gt) 
has the same sign than At. 

6.1.2. Definition of the metric ge- As explained above, we will use the same con- 
struction as in [4J. Consequently, we give the definition of gg without additional 
explanations. The reader may refer to [J for more details. We keep the same nota- 
tions than in Section [21 Let hi be the restriction of g to the surgery sphere S'l C M 
and ft-2 be the restriction of the standard metric cr" = g on S*" to 5*2 C S*". Define 
S' := S[ n 5*2 and h '■= hi U h2 on 5". In the following, r denotes the distance 
function to S' in (M 11 S*", g 11 cr"). In polar coordinates, the metric g has the form 

g = h + f +T = h + dr^ + rV""''"^ + T (4) 

on f7(i?max) \ S" ^ S" X (0,i?max) X 5'""'="^ Here T is a symmetric (2,0)-tensor 
vanishing on S" which is the error term measuring the fact that g is not in general 
a product metric (at least near S'l ) . We also define the product metric 

g' := h + C^'' ^ h + dr^ +r^(7'^-''-\ (5) 

on J7(i?max) \ S' so that g = g' + T. As in g], we have 

r \T{X,Y)\ < Cr\Xy\Y\g,, 

{ |(Vc/T)(A,r)| < c\xy\Y\g,\u\g,, 

[ \{Wly)T{X,Y)\ < C\X\g,\Y\g,\U\g,\V\g,, 

for A, Y,U,V £ T^M and x £ [/(i?max)- We define Ti := T\m and T2 := T\sr^. We 
fix i?o e (0, -Rmax), i?o < 1 and choose a smooth positive function F : M \ S" — s- M 
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such that 



F{x) 



1, if X G M \ C/i(i?,nax) n 5" \ C/2(i?max); 

r{x)-\ ifx eU^iRo)\S'. 



Next we choose a sequence 9 = 6j of positive numbers tending to 0. For any 9 we 
then choose a number i5o = ^o(^) £ (Oi^) small enough to suit with the arguments 
below. For any 6 > and sufficiently small 6o there is Ag G [0^^, (Sq)^^) and a 
smooth function / : C/(i?max) R depending only on the coordinate r such that 



/(^) = 



-lnr(:r), if x e U{R^^,^) \U{9); 
InAg, ifxef/((5o), 



and such that 







df 


dr 




d(lnr) 



< 1, 



and 



dr V dr 



d'f 



(i2(lnr) 



(6) 



M as in SectionEl On L/,^(i?max) = (C/(-Rmax) \ t^(e)) /~ we define t by 

-Inri+lne, on C/i(i?,„ax) \ C^i(e); 
lnr2-lne, on C/2(i?,„ax) \ t^2(e). 



t 



One checks that 

• r, = el*l+'"<^ = eel*l; 

• F{x) = e-ie"l*l for x G [/(i?o) \ C^^l^*), or equivalently if |t| + Ine < lni?o 
and hence 

F^g = e-^e-^l*! {h + T) + dt" + a"-^-i 

on U{Ro)\U''{e)- 

• and 



fit) 



-|i|-lne, if Ine* - Ine < |t| < lni?n 
InAg, if Itl < In Jo - Ine. 



Ine; 



^n— fc— 1 



We have < 1, \\d^ f / dt^\\L=° ^ 0. Now, we choose a cut-off function x 

[0,1] such that x = on (— oo,— 1], \dx\ < 1, and x = 1 on [l,oo). Finally, we 
define 

e^f^'\h,+T,)+dt^ +<7'' 

Alx{tlAe){h2 + T2) + Al{l - x{t/Ae)){hi + T,) 
+ dt^ + a''-''^\ 
Moreover, the metric gg can be written as 

gg ■.= g'g+ft on U^{Ro), 
where g'g is the metric without error term and it is equal to 



ge 



on M, \ U,{0); 
onU,{e)\U,{So) 

on L/f (Jo). 



9g = e 

where the metric ht is given by 



'f^'^ht+dt 



2 , n-fc-l 



ht :=x(^)/i2 + (l-x(^))/Ji, 
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and Tt is the error term and his expression is given by the following 
T*:=e2/W(x(^)T2 + (l-x(^))Ti). 

We further have the following properties of the error term Tt 

' \f{X,Y)\ < Cr\X\g,\Y\g,, 

[ IV^T,!,, < Ce-/W, 

where V is the Levi-Civita connection with respect to the metric g'g, for all X, 
Y e T^N and x e U^{Ro). 

6.2. A preliminary result. In order to prove Theorem 16. 11 we will start by prov- 
ing the following results. 

Theorem 6.3. Part 1: let (ug) be a sequence of functions which satisfy 

Lg^Ug = Xg\ug\^~'^Ug, 

such that \ug\^dvgg — 1 and Xg -^g^o Xoo, where Aoo £ K. Then, at least one 
of the two following assertions is true 

(1) Aoo > A„, where A„ > depends only on n; 

(2) there exists a function u £ C°°(MnS'"), m ee on 5", u ^ on M solution 
of 

with 

Jm 

such that for all compact sets K C M 11 S"" \ S" (note that K can also 
be considered as a subset of N), F^^ug tends to u in C^(if), where F is 
defined in Section ISTTl Moreover, we have 

(a) the norm of ug is bounded uniformly in 9; 

(b) limfe^o limsupg^o ^'^Pu"{b) = 0; 

(c) linifc^o limsupe^Q dvgg = 0. 

Part 2: let ug be as in Part 1 above and assume that Assertion 2) is true. Let vg 
be a sequence of functions which satisfy 

Lg^Vg = flglugl^'^Vg, 

such that JpfVg'dvgg = 1, /ig — > fJ-oo where /ioo < Then, there exists a 

function w G C°°(M E S""), v ee on 5", w ^ on M solution of 

with 

/ \v\''dVg = l 

JM 

and such that for all compact sets K C 7\f 11 5" \ S", F^~vg tends to v in C'^{K). 
Moreover, 

(1) the norm of vg is bounded uniformly in 9] 

(2) linib^o limsupg_j.o sup[jN(f,) vg = 0; 

(3) limbic limsupg^o/t/" (6) =0- 
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6.2.1. Proof of Theorem \ 6.3 Part 1. Let {ug) be a sequence of functions which 
satisfy 

such that \ue\'^ dvgg = 1 and Xg -^g^o Xoo, where Aoo G M. We proceed exactfy 
as in [4] where here, the manifold M2 is S'" equiped with the standard metric cr", 
and where W is the sphere S'^. The only difference will be that ug may now have 
a changing sign. 

Remark 6.4. In the proof of the main theorem in 4 , it was proven that 

Aoo > -00. 

Here, we made the assumption that Aoo has a limit. Without this assumption, one 
could again prove that Aoo > — 00 but the point here is that there is no reason why 
Aoo should be bounded from above contrary to what happened in [4] . 

The argument of Corollary 7.7 in 4 still holds here and shows that 

liminf ||ue||£^(Ar) > 0. (7) 

Several cases are studied: 

Case I. limsupg^Q = 00. 

Set mg :— ||ue||^oo(^-) and choose xg Cz N such that ug{xg) — mg. After taking a 
subsequence, we can assume that lime_>.oTOe = 00. We have to study the following 
two subcases. 

Subcase I.l. There exists 5 > such that xg ^ N \ U'^{b) for an infinite number 
of 61. 

Subcase 1.2. For all 6 > it holds that xg e U^{b) for 9 sufficiently small. 
Case II. There exists a constant Cq such that ||we||Loo(jv) < Cq for all 9. 
Subcase II. 1. There exists 6 > such that 

hmmf Ae sup ug^ ^ < ^ — '-^ 

Subsubcase II. 1.1. limsupj_j.Q limsupg_j.Q supj/w^;,) '^e > 0- 
Subsubcase II. 1.2. limt,_5.o limsupg_^Q sup^w^b-) ug = 0. 
Subcase II.2. 

;v ? (n-k- 2f(n - 1) 

Xg sup ug^-' > ^ — '- 

u«(b) 8{n-2) 

In Subcases I.l and 1.2, it is shown in [4 that Aoo > The proof still holds 

when Ug has a changing sign. In Subsubcase II. 1.1 and Subcase II. 2, we obtain 
that Aoo ^ ^n,k where An^k is a positive number depending only on n and k. The 
definition of A„^fe in [J] is the infimum of energies of positive solutions of the Yam- 
abe equation on model spaces (see Section [3]) . This definition has to be slightly 
modified to allow nodal solutions. As explained in Section|3]the proof that An.k > 
remains the same. 
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In Subcases I.l, 1.2, II. 1.1 and II. 2, we then get that Aoo > A„, where 

A„ mm {A„,fc,/^}. 

fee{0,--- ,n-3} 

In particular, Assertion 1) of part 1 in Theorem 16.31 is true. So let us examine 
Subsubcase II. 1.2. The assumption of Subcase II. 1 allows to obtain as in [3] that 



,2 



dVgs < C. (8) 



In 

for some C > 0. The assumptions of Subcase II. 1.2 are that 



and that 



sup(we) < C (9) 

N 



limsuplimsup sup uq = Q. (10) 

b->-0 e->-0 V^lb) 



Step 1. We prove that lim;,_j.o limsupg_j.Q Jun(^i,j \ue\ dvgg = 0. 
Let 6 > 0. We have, by Relation dH) 



/ \ue\'^ dvgg < Ao sup \ue\^ ^ 

JU^(b) [/"(b) 

where Aq is a positive number which does not depend on b and 9. The claim then 
follows from (ITOl). 



Step 2. C'^ convergence on all compact sets of M 11 5" \ S". 

Let be an increasing sequence of subdomains of {M 11 5*" \ 5") with smooth 

boundary such that IJ^- fij = M 11 5*" \ 5", fij C ^j+i- The norm ||u6(|lioo(^) is 
bounded, then so is ||w6(||icxi(Q.^^). Using standard results on elliptic regularity (for 
more details, see for example [11]), we see that the sequence [ue) is bounded in 
the Sobolev space H^'P(U,'j) \/p G (l,c») where fl'j is any domain such that Slj C 
fl'j C fl'j C rij+i. The Sobolev embedding Theorem implies that (ug) is bounded 
in C^'"(rij) for any a G (0, 1). (See Theorem 4.12 in [1] for more informations on 
Sobolev embedding Theorems). 

Now we use a diagonal extraction process, by taking successive subsequences, it 
follows that (ug) converges to functions Uj G C^{flj) and such that Uj\-^^_^ — Uj-i. 
We define 

u = Uj on Qj . 

By taking a diagonal subsequence of uq, we get that ug tends to u in on any 
compact subset of M 11 S*" \ S' and by C^- convergence of the functions ug, the 
function u satisfies the equation 

L g^u = Xoo\u\'^^^u on MUS'^XS'. (11) 

We recall that gg = F^g = {F^~)"^ g on U'^{b). By conformal invariance of the 
Yamabe operator we obtain for all v 

LF2gV^F-^Lg[F^v). 

Now we set 

Tl-2 ^ 

u — F 2 u. 
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We obtain 



LgU — F 2 Lp2„u 



This shows that m is a solution on {M U \ S' , g) of the following equation 
Moreover, using Step [T] and the fact that dvgg — 1, the function u satisfies 



JmuS" Ja 



dvg 



MUS" JA/US"\S' 

= lim lim / dvga 
= 1. 

Step 3. Removal of the singularity 

The next step is to show that u is a solution on all M 11 S*" of 

LgU ^ \^\u\^-^u. (12) 
To prove this fact, we will show that for all (p G C°°{M 11 S'"), we have 



gU,^ •J,Ug 
MUS" J MUS" 



LgUipdvg — / Aoo|u| uipdv 



First, we have 



ULgip dVg = / ULg{ip " + X^V) dV g 

MUS" JMUS" 



uLg{xe'fi)dvg+ uLg{{l - Xe)'p) dv. 



MUS" JMUS" 

where 

Xe = 1 if dg{x,S') < e, 
X. = ifdg{x,S')>2e, 

Since (1 — Xe) is compactly supported in M 11 S"" \ S' , we have 



9' 



uLgiil ~ Xe)^) dvg = / {Lgu){l - Xe)'pdvg 

MUS" JMUS" 

— / LgUifidvg — / Xoo\u\'^^'^uip dvg. 

JMUS" JMUS" 

Then, it remains to prove that 



/ uLg{xeip)dvg ^ 0. 

JMUS" 
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We have 

= CnAxe'P + Cn^Lpxe + Scalg(x.¥') " 2 (Vx., V ip) 

= XeLgip + Cn{AXe)v-2{^Xe,^V)- 

According to Lebesgue Theorem, it holds that 



uXeLg(p dvg — >■ a.e. 



A/US" 



Further, we have 



MUS" 



C f 

< - / UdVg 



< 



C 



u'^dvg] {Vo\{Supp{C,))y- 



where = {x G M nS";e< S') < 2e} = C/^(2e) \ C/^(e). 
In addition, we get from ([S|) that 



N 



dvp2g < +CXD, 



which imphes that 



Let us compute 



dvn 



u dvp2„ < +00. 



F^u^ dVg < +0O. 



We recall that = -i on C^. Coming back to p^ . we deduce 

C f f u^F^ 



M 



Since fc < n — 3, we have 



which implies that 



< 



F2 



dvg] (Vol(C,))- 



C 



< — X e X e 2 = Ce~ 



1 > 0, 



/ uLg(xe^)dvg ^ 0. 
J MUS" 



Finally, we get that u is a solution on Af II S" of the equation 
Step 4. We have either u = on S" either Aoo > 
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Note that the function u verifies 



/ \ufdvg<l. (15) 

J A/US" 



Since 



\u 

MUS" JMUS 



N 

N 



< lim / \ue\ dv„„ — 1. 



ga 

N 



Assume that u ^ on 

Setting w = W|sii and using equations ()12p and ()15p . we have 



Tl-2 

9j " 



(/g„ u;^ dwg 
A„o I / dvn 1 < 



Then we obtain that Aqo > ^-nd hence, the conclusion 1) of Theorem 16 . 31 Part 

1 is true. 



6.2.2. Proof of Theorem \6.,S\ Part 2. We consider a function vg satisfying 



LggVe = ^J.e\ue\^ ^we, (16) 



with 



vel^ dvgg = 1. 



In 

A first remark is the following: as in Lemma 7.6 of [4], we observe that {b) is a 
M^S'-bundle for any 6 > 0. Since ug satisfies 

lim lim sup sup ue = 0. 

fc^O e^O (7" (6) 

Then, for b small enough, we have 

^^o\\ue\\^.(,) < . 

We then can apply Theorem l5.2l on [b] and the proof of Lemma 7.6 of [5] shows 
that there exists numbers Ci , C2 > independent of 9 such that 



l ^^|2 ^ „ ||„,_ ||2 

As a consequence, we get that 



It^eprfwgs < +C2. (17) 



Indeed, assume that 



liminf ||L~(Ar) > 0. 



lim lli)ellioc(Ar) =0. 
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By Equation (fT7|). we have 

1=/ \ve\^ dvg^ < ||we|lL-?Ar) / \ve\^ dvg, 
Jn Jn 

< he\\L'^'{N)icihefL--{N) + C2) 0, 
as — )■ 0. This gives the desired contradiction. In the rest of the proof, we will 
study several cases. In what follows, only Subcase II. 1.2 will be a big deal: Subcases 
I.l, 1.2 and II. 1 will be excluded by arguments mostly contained in [4]. So we will 
just give few explanations for these cases. 

Case I. limsupg_^Q ||ue||L°o(^) ~ 00. 

Set mg := l|i'6i||L°o(iv) and choose xg G N with vg{xg) = mg. After taking a 
subsequence we can assume that lime_j.o ™e — 00. 

Subcase I.l. There exists 6 > such that xg £ N \ [h) for an infinite number 
of 6*. 

By taking a subsequence we can assume that there exists x G Af 11 5" \ [/ (6) such 

4 

that \\mg^QXg = X. We define gg '■— rrig^^ gg. For r > 0, [3] tells that for 6 small 
enough, there exists a diffeomorphism 

69 : B"(0,r) ^ B3o{xe,m~^r) 

such that the sequence of metrics i&gigg)) tends to the flat metric ^" in C^(i3"(0, r)), 
where i?"(0,r) is the standard ball in M" centered in with radius r. We let 
Ug := rrig ug, vg vg and we have 

Lge^g = XgUg~'^Vg 

Xg N-2~ 
= ^r^Ug vg. 

Wig 

Since ||'ue||^oo(jv) — follows that llLo°(Ar) tends to 0. Applying Lemma 

14. 1[ we obtain a solution 1; ^ of the following equation on R" L^-nv = 0. Since 
Scaljra = 0, u is harmonic and admits a maximum at a; = 0. As a consequence, v is 
constant equal to u(0) = 1. This is a contradiction, since ||f < 1- 

Subcase 1.2. For aU 6 > it holds that xg e for 9 sufficiently smaU. 

We proceed as in Subcase 1.2 in [4]. As in Subcase I.l above, we get from Lemma 
14.11 a function v which is harmonic on and admits a maximum at x = 0. This 
is again a contradiction. 

Case II. There exists a constant Co such that ||w6(||loo(jv) < Co for all 6. 
By ([T7|. there exists a constant independent of 9 such that 

\\vg\\L^(N,g0) < Ao. (18) 
We split the treatment of Case II into two subcases. 

Subcase II. 1. limsupf,_j.Q limsup^^Q sup(jN(f,) > 0. 

Again mimicking what is done in [4], we obtain from Lemma 14.11 a function v 
which is a solution of Lq^v = on M'^+^ x 5'""'^"-'^, Gc for some c e [—1, 1] where 
G, = e^^"^'^ + + cr"-'=-i. In Subcases I.l and 1.2, we used the fact that -^f^ 
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tends to to show that at the hmit Lg^v — 0. Here, the argument is different: first 
we set ao ^ limsupf,^Q limsup0_j.Q supj/iv(f,') > 0. Then, we can suppose that 
there exists a sequence of positive numbers (bi) and {6i) such that 

sup > ao, 



for all i. To simplify, we write 9 for Oi and h for bi. Take x'g e {bg) such that 

ve{x'g) > ao. 

For r,r' > 0, we define 

Ue{r, r') := B^'o {yg, g--^^*" V) x [U - r', tg + r'] x S"-''-\ 

As in [5, the function v is obtained as the limit of vg on each Ug{r,r') (with 
r, r' > 0). The fact that Lq^v ~ follows from the observation that 

sup \ug\ = 0, 

hence 

\ue\^~'^ve uniformly on Ug{r,r'). 
Subcase II. 2. limb_>.o limsupg_j.Q sup^/jv (•{,■) vg = 0. 

By the same method than in Subsection 16.2.11 we obtain that there is a function v 
solution of the following equation 

LgV = ^ioo\u\^~^v, 

such that 

v'^ dVn < 1. 



IN 

Suppose that u ^ on then we have 

since w = on S*". This is a contradiction. This proves that u ^ on By the 
same argument than in Part 1, we have /^^ \v\^dvg = 1. We finally obtain that the 
function v satisfies all the desired conclusions of Theorem 16.31 Part 2. 



6.3. Proof of Theorem 16.11 Let {gg) the sequence of metrics defined on N as in 
Section [6TJ 

Step 1: For 9 small enough, we show that if 

Xk{M,g)>0^ Xk{N,gg)>0, 
where is the fc*'* eigenvalue associated to the Yamabe equation. 



Remark 6.5. Note that this step implies that the existence of a metric with positive 
Afe is preserved by surgery of dimension k £ {0, • • • ,n — 3}. This is an alternative 
proof of a result already contained in [8] . 
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We proceed by contradiction and we suppose that Xk{N,ge) < 0. Let ue be a 
minimizing solution of the Yamabe problem. By referring to [10], there exists 
functions vg^i = ug, ve.2, • ■ • , vg^k solution of the following equation on N 

where 
such that 



N 



1 and 



Ue 



N-2 



ve.iVej dvgg — for all i ^ j. 



N 



By conformal invariance of the sign of the eigenvalues of the Yamabe operator (see 
[To]), we have 

Moreover, by construction, it is easy to check that Xg,i = fj,g where fig = fi{N,gg) 
is the Yamabe constant of the metric gg. The main theorem in [4] implies that 
lime_>.o Xg^i = lime_>.o fig > — oo. It follows that there exists a constant C > 
such that — C < Xg^i < ■ ■ ■ < Xg^k < 0. Then, for all i, Xg^i is bounded and by 
restricting to a subsequence we can assume that Xoo,i '■= lime_i.o Xg^i exists. Parts 
1) and 2) of Theorem 16. II give the existence of functions u = vi, ■ ■ ■ ,Vk defined on 
M, with Vi ^ for all i such that F^~vg_i tends to Vi in on each compact set 
K C M U \ S' . The functions Vi are solutions of the following equation 



Moreover, we have 



V, 



LqVi — XooAU^ "^Vi- 



dvg < 1 and lim lim sup 



M 



6^0 



JU^{b) 



\ve.i\^ dvg 



Let us show that for all i ^ j, we get that 

'i^^'^ViVj dv„ = 0. 



M 



Set 
and 



Ug = F ^ Ug, 



Vg^i = F 2 vg. 



For 6 > small, we have for i ^ j 

= lime-^o lM\u{b)=N\u^'^{b} ' 



u^ '^ViVj dv„ 



■g ^Vg.iVgjdVg 



M\Uib) 



"fbi^r ^'"s^iVg.jdVg 



M\U(b) = N\Uj^(b) 



where we used dvg^ = F"dvg. Using now the fact that Jj^Ug vg^iVg,j dvg 
we get 



,N-2 



M\U(b) 



ViVj dVc^ 



lim 



lim 

e-i-o 



N\U^(b) 



Ug "^Vg^iVgj dVgg 



'^Vg,iVg^jdVn 



U»ib) 
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We write 



Using the assertion 



< 



ve,i\^ dvgg 



tff (6) 



\ve,j\^ dv. 



'^0,1 dvgg = 0. 



we obtain that 



We get finaUy that 



hm hm sup 

Ug~'^vgiVe4 dv, 



hm hm sup 



U^{b) 



= 0. 



IM 

We now write 
0<Xk{M,g) < 



"^ViVj dvg 



hm 

&-fO 



M\U(b) 



'^ViVj dvg 



for ah i j. 



sup F{u,aiVi 

(ai,-,Qf=)#(0,---,0) 



sup 

(ai,-,afc)#(0,---,0) 

sup 



Jj^jiaivi H h akVk)Lg{aiVi H h afcWfe) dvg 

Jj^j u^-2(aiui H h akVk)'^ dvg 

"l Im VlLgVl dVg + --- + al Jj^j VkLgVk dvg 



(ai,....a,)5^(0.-.0) a?/M"^ '^^S + ' ' ' + "fc A/ ""^ ^^l^Vg 



= sup 

(Ql,---,Qfc)5^(0,---,0) 

< 0, 



?Aoo,i/mM^ V^^'^S + ---+afcAoo,fc/MW^ "^vldvg 



since each Aoo,i < 0. This gives the desired contradiction. 



Remark 6.6. Note that, for i > 2 it could happen that J^^ ^vfdvg = if M is 
not connected. 

Step 2: Conclusion 

Since fi2{M,g) > 0, from Step 1, we get that ^2{N,gg) > 0. Assume fi2{N,gg) < 
(otherwise, we are done). Using [10] we construct a sequence {vg) solution of 

LggVg = H2iN,gg)\vg\'^~^Vg, 

such that 

/ ■>^e dvgg = 1. 
Jn 

By Theorem l6 . 31 Part 1), this holds that lime_>.o IJ-2{N, gg) > A„ (and the conclusion 
of Theorem 16.11 is true) or there exists a function v solution on M of the equation: 

LgV = fJ.oo\v\'^~^v, 
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with ^oo = lime M2(^7 5e) > and 

\v\''dv„ = l. 



M 

This is what we assume until now. 

As explained in Paragraph 16. 1 . 1[ we can assume that fi{g) ^ 0. 
Case 1: fi{g) < 0. 

Assume that AI is connected (so is N) and let us prove that v has a changing sign. 
We suppose by contradiction that v > 0. The maximum principle gives that v > 0. 
Let u be a positive solution of the Yamabe equation on M, i.e. 

LgU = ^i{g)u^-^. 

Since w > 0, we can write: 

>o 

Multiplying the second equation by u and integrating, we get 

fi{g) / u'^^^vdvg— / Lguvdvg= / uLgvdvg= fioc / v^^^udvg. 
<o >o 
This gives a contradiction. Then v have a changing sign and this implies that 

fi2{M,g) < snp F{v,av^ + (3v^) — fioo- 

If M is now disconnected, then the Yamabe minimizer u is positive on a connected 
component of M. If uv ^ 0, the same proof holds. If ui> = then 

fi2iM,g) < supi^('i;, au + /3v) = ^oo 
In any case, the conclusion of Theorem 16. II is true. 
Case 2: fi{M,g) > 0. 

Then, Xi{N,gg) > 0. In [TU], it is established that the sign of the eigenvalues of 
the Yamabe operator is conformally invariant. Consequently, Xi{N,Vg ~'^ge) > 0. 
Set Hi — \i{N,v^^'^gg) and let ug be associated to fii. Since associated to the 
first eigenvalue of the Yamabe operator, ug is positive on at least one connected 
component of N (and on the other). In addition, ug is a solution of the equation 



such that 



/ Ug dVgi^ — 1 and / \vg\^ "^UgVgdVgi^ — 0. 

Jn Jn 



IN JN 

Using Theorem 16 . 31 Step 2), there exists a function u solution on M of the following 
equation 

LgU = fico,i\v\^^^u, 

where /Zoo.i ■— limg fii. Note that this limit exists after a possible extraction of a 
subsequence since < /^i < fi2{N,gg). Proceeding as in Step 1, we show that 



N-2 

M 



v\^-^uvdvg =0. (19) 
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By maximum principle and since ue > 0, u > on at least one connected component 
of M. Then, u and v satisfy the equations 

LgU = fioo,i\v\^''^u, 

and 

LgV = ^J,oo\v\^~'^v. 

These equations implies that /ioo.i and /ioo are some eigenvalues of the generalized 
metric \v\^~'^g (see [TO])- Since positive, u is associated to the first eigenvalue of 
L\y\N-2g i.e. ^oo,i = Ai(M, \v\^~'^g). Hence, /^ooa < fJ-oo- 
Finally, we obtain that 

M2(M,5) < A2(|i;r-2^)Vol|,|«-.g(Af)^ = Moo 

since 

Vol|,|«^2g(M) - / \v\^dvg = 1 

JM 

and since /ioo.i < Moo are associated to two non proportional eigenfunctions in the 
metric l^l^"^!? (thanks to Relation where we recall that fiao = linie^o ^2(^7 9e)- 
This proves Theorem 16. II 

Remark 6.7. The reason why we need ^(g) 7^ is the following. If /i(g) = 0, the 
proof of Case 1 clearly does not lead to a contradiction. So, we would like to apply 
the method used in Case 2 above. For this, we need that \i{v^^'^ge) is bounded. 
When ^{g) > 0, this holds true since 

< Xi{v^-^ge) < Mve'^ge) = ^^2{N,gg) ^ ^oo- 

If iJ,{g) = 0, one cannot say nothing about the sign of \i{v^~^gg). In particular, if 
it is negative, we were not able to prove that \i{v^~^ gg) is bounded from above 
and the proof breaks down. 

7. Some applications 
In this section, we establish some topological applications of Theorem 11.61 
7.1. A preliminary result. We have 

Proposition 7.1. Let V , M be two compact manifolds such that V carries a metric 
g with Scalg = and a{M) > 0, then 

a2{V\lM) > mmip2ig),<j{M)) > 0. 

Proof: On VUM, let G = Xg + jih, where A and fi are two positive constants and 
for a small e, /i is a metric such that a{M) < ii{M, h) + e. We have 

Spec(LG) = Spec(LAg) U Spec(L^,,) 

= A"^Spcc(Lg) U fi^^Spcc{Lh) 

= {A-Ui, A-1A2, • • • } u {^i-'\\,^i-'x'2, ■■■} 

where Xi (resp. A^) denotes the i-th eigenvalue of Lg (resp. Lh). The assumption 
we made allows to claim that Ai = 0, A2 > and X'l > 0. Hence, we deduce that 
A2(iG) -min{A-iA2,/i-iAi}. 
We know that 

Vo1g(V' H M) = A^Volg(V^) + M^VoU(M). 



24 



A SURGERY FORMULA FOR THE SECOND YAMABE INVARIANT 



• For IJL = 1 and A — ?■ +00, we have 

A2(£G)VolG*(FnAf) = A-IA2 (c + AVolg*(V^)) 

^•A^+oo A2Volg " (V) = fl2{g)- 

• For A = 1 and /i — > +cx3, in this case 
Hence 

A2(XG)VoiG|(FnM) = ^l-'x[(c + ^lYo\h-) 

A'lVoU^ = /i(Af, h) > a{M) - e. 

FinaUy we get that 

a2(FnA/) >min(^2(5),fT(Af)). 
Remark 7.2. (1) It is known that if a{M) > and <7{N) > 0, then 

a{M UN)= min(CT(Af), a{N)), 
where M 11 is the disjoint union of AI and N. (see [4]). 

(2) Let V with a{V) < 0, then for fc > 2 

a2i yU-yUV UM) < 0. 
fc times 

Indeed, let any metric g = 11 172 U ■ • • 11 gfc 11 on 1/ 11 • ■ • 11 11 M. Let 
Vi be functions associated to Xi{gi) which is non- negative by assumption. The 
functions = 11 • • ■ 11 Vi 11 • • • 11 are linearly independent and satisfy 

factor 

Lg{vi) — Xi{gi)vi and thus are eigenfunctions of Lg. This implies that \k{g) < 
and since k > 2, X2[g) < 0. 

This remark explains the condition |a(A/)| < 1 in CoroUarv 11.71 it is used to 
ensure that M is obtained from a model manifold V IL N with a number of factors 
V (where V carries a scalar flat metric and cr{N) > 0) not larger than 1. We recall 
that the a-genus is an homomorphism from the spin cobordism ring 17^P'"to the 
real X-theory ring KO^, [pt] , 

a : 17^P'" ^ KO,{pt). 

It is important that a is a ring homomorphism, i.e. for any connected closed spin 
manifolds M and TV, a{M U N) = a{M) + a{N) and a{M x N) = a{M).a{N). 
Noting that KOn{pt) vanishes if n = 3, 5, 6, 7 mod 8, is isomorphic to Z if rt = 0, 4 
mod 8 and is isomorphic to Z/2Z if n = 1, 2 mod 8. Recall also that a is exactly 
the j4-genus in dimensions 0-mod 8 and equal to ^^-genus in dimensions 4 mod 8. 
In |9], Proposition 3.5 says that in dimensions n = 0, 1, 2,4 mod 8, there exists a 
manifold V such that a{V) = 1 and V carries a metric g such that Scalg = 0. 

• When a{M) = then Thm A in f20| applies and cr(M) > a„ where a„ depending 
only on n. 
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Theorem 7.3. Let M be a spin manifold, if a{M) — 0, this is equivalent to the 
existence of a manifold N cobordant to M such that the scalar curvature of TV, 
Scalg is positive. 

Remember that a cobordism is a manifold W with boundary whose boundary is 
partitioned in two, W = MM {-N). 

Theorem 7.4. If M is cobordant to N and if M is connected then M is obtained 
from by a finite number of surgeries of dimension < fc < n — 3. 

Proposition 7.5. Let M be a spin, simply connected, connected manifold of di- 
mension n > 5, if rt = 0, 1, 2, 4 mod 8 and |q;(M)| < 1, then 

0-2 (M) > Otn, 

where Q!„ is a positive constant depending only on n. 

Proof: Proposition 3.5 in [9] gives us that for each n = 0, 1, 2, 4 mod 8, n > 1, there 
is a manifold V of dimension n such that V carries a metric g such that Scalg = 
and a{V) = 1. 

• First case: If a{M) = 0, then M is cobordant to a manifold TV such that Scalg 
on iV is positive. In this case we can obtained M from by a finite number of 
surgeries of dimension fc < n — 3. Hence, by Corollary a{M) > Cn with c„ is a 
positive constant depending only on n. 

• Second case: If a{M) — 1, then a{M 11 {—V)) — 0, so there exists a manifold 
N with Scalg > such that M]I{~V) is cobordant to N which is equivalent to say 
that M is cobordant to VUN. Consequently M can be obtained from y 11 iV by a 
finite number of surgeries of dimension k < n — 3. Applying the main theorem of 
this paper, we get the desired result. 
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